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Degeneracy (exceptional) points embedded in energy band are distinct by their topological fea-
tures. We report different hybrid two-state coalescences (EP2s) formed through merging two EP2s
with opposite chiralities that created from the type III Dirac points emerging from a flat band.
The band touching hybrid EP2, which is isolated, is induced by the destructive interference at the
proper match between non-Hermiticity and synthetic magnetic flux. The degeneracy points and
different types of exceptional points are distinguishable by their topological features of global geo-
metric phase associated with the scaling exponent of phase rigidity. Our findings not only pave the
way of merging EPs but also shed light on the future investigations of non-Hermitian topological
phases.
Exceptional points (EPs) are non-Hermitian degenera-
cies [1–3], at which the system Hamiltonian is defec-
tive and eigenstates coalesce [4]. The properties of non-
Hermitian system dramatically change in the vicinity of
EPs, which help in optical sensing [5–8]. The enhance-
ment of optical sensing is more efficient for a three-state
coalescence (EP3) due to the cubic root response of en-
ergy levels to the detuning perturbation than for two-
state coalescence [9]. Parity-time (PT ) symmetric phase
transition occurs at the EPs associated with many in-
triguing dynamical phenomena [10–22].
The EPs possess distinct topology from diabolic points
(DPs) in Hermitian system [23]. In a two-level non-
Hermitian system, the energy levels interchange after en-
circling the EP of two-state coalescence (EP2) for one
circle in the parameter space; the merging levels restore
their original values after two circles of encircling and ac-
cumulate a geometric phase ±pi, which depends on the
chirality of EPs and the circling direction [24–32]. Dy-
namical encircling of EPs realizes state switch and nonre-
ciprocal topological energy transfer [33–36]; the dynamics
depends on the starting/end point [37] and the homotopy
of encircling loops [38].
The EPs are different by their ways of coalescence [39];
the EPs with identical order may dramatically differ from
each other on the topological aspects. For example, when
encircling an EP3 in the energy band of a square root
type Riemann surface in the parameter space, two energy
levels flip after encircling one circle; if an EP3 is in a
cubic root type Riemann surface, when it is encircled,
three circles are needed for the energy levels to restore
their original values. The geometric phases of the two
EP3s are different, which reflect the different topological
features of the two EP3s [40]. An interesting question
naturally arises: whether EP2s have different topologies?
If so, how to characterize their topological properties and
distinguish them?
In contrast to DPs [41], the merging of EPs can lead
to DP [42, 43] or create high-order EP [32]; alterna-
tively, two EPs with identical chirality can merge to a
hybrid EP [43–45] [Fig. 1(a) I]. Here we propose two
novel types of hybrid EP2s [Fig. 1(a) III and IV] that
exhibiting anomalous topologies; they are created from
type III Dirac points emerging from a flat band. By
introducing the gain and loss, the Dirac points can split
into pairs of ordinary EP2s with opposite chiralities. Hy-
brid EP2s are formed by merging a pair of ordinary EP2s
with opposite chiralities at an appropriate match between
non-Hermiticity and synthetic magnetic flux. Total four
manners of EP2 merging [Fig. 1(a)] can be realized.
We consider a non-Hermitian three-band Hamiltonian
H =
 hz + iγ hx JeiΦhx 0 hy
Je−iΦ hy −hz − iγ
 . (1)
FIG. 1. (a) Schematic of four types of EP2 merging. The
blues dot indicate the left/right chiral EP2s embedded in
the branched energy bands. (b) Horizontally PT -symmetric
quasi-one-dimensional triangular lattice, the arrows indicate
the phase direction in the couplings. The green (red) site
indicates the gain (loss). (c) Phase diagram of H.
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2FIG. 2. Energy bands and EPs distribution in the parameter space. In the upper panel, two axes in the horizontal plane
represent hx and hz, while the vertical axis represents the real part of eigenvalues, the color indicates the imaginary part of
eigenvalues. (a) Φ = 0, γ = 0, (b) Φ = 0, γ =
√
2/2, (c) Φ = 0, γ = 1, (d) Φ = pi/3, γ =
√
2. (e) Φ = pi/3, γ =
√
3/2, (f)
Φ = pi/2, γ = 1, (g) Φ = pi/2, γ =
√
2. The coupling J = 1. Types of EPs (blue dots) are illustrated in the middle panels.
EPs at (hx, hz) are marked. The +1 (−1) chirality of EPs is indicated by the counterclockwise (clockwise) arrow, the solid
blue lines are Fermi arcs connected the EPs. The real spectra along both hx and hz directions for the corresponding EPs are
depicted in the lower panels.
The study of H in the parameter space (hx, hy, hz) helps
us grasp its properties. Since the couplings hx and hy
play the same role, we take hx = hy without loss of
generality. For example, the Bloch Hamiltonian of the
three-band lattice in Fig. 1(b) has hx = hy = v+R cos k,
hz = R sin k [46]; the trajectory of (hx, hz) forms a closed
circle in the hx-hz parameter space. Sublattices a and c
are indirectly coupled through sublattice b and are di-
rectly coupled through a nonreciprocal coupling JeiΦ
[47, 48]. The Peierls phase factor e±iΦ can be realized
in various manners [49–57], which induces effective mag-
netic fluxes in the triangles and the plaquettes of the
lattice. Synthetic magnetic fields can be experimentally
realized in coupled optical resonators in two-dimension
[58, 59]. The sublattice a (c) has gain (loss) and the
sublattice b is passive. PT -symmetric systems can be
investigated by employing passive system with different
losses, sticking absorption material or cutting waveguide
induces additional loss [60–62].
We first consider γ = 0, the lower band gap closes
and the lower two bands touch at a pair of DPs for Φ =
0, pi [63] and hz = 0. The DPs are two Dirac points at
the peaks of the type III Dirac cones. The band touching
is associated with the formation of a flat band −eiΦJ due
to the destructive interference at sublattice b. The lower
two bands have isotropic linear dispersion near the Dirac
points.
The DPs disappear when gain and loss are introduced
(γ 6= 0), and the band touching becomes EPs. H can
exhibit rich band structures featured from different types
of EPs. Figure 1(c) depicts the phase diagram; it shows
the number of DPs (EPs) in the parameter plane hx-hz
at certain fixed Φ and γ/J . The types of EPs vary in
different regions of γ-Φ.
Typical energy bands in the hx-hz plane are exempli-
fied in Fig. 2. The distribution of EPs is indicated in the
middle panel, where the system parameters satisfy
[3p2 − (2γhz)2]γhz = 0, (2)
4p3 − 27q2 − 12p (2γhz)2 = 0, (3)
where p = 2h2x + J
2 − γ2 + h2z and q = 2h2xJ cos Φ. For
hx 6= hy, h2x is replaced by hxhy in p, q.
Three types of EP2s exist in the three-band lattice: (i)
the ordinary EP2, which corresponds to the singularity
point in Riemann surface of square root type and has chi-
rality. (ii) EP2(T), a merging of two ordinary EP2s with
opposite chiralities, where two relevant bands touch at
the EP2(T) and their real parts are gapped in the vicinity
of EP2(T). (iii) EP2(I), which is also constituted by the
merging of two ordinary EP2s with opposite chiralities,
where two relevant bands intersect and their imaginary
parts are gapped in the vicinity of EP2(I). Both EP2(T)
and EP2(I) are hybrid EPs with anisotropic dispersions,
3TABLE I. Topological characterization [46].
DP EP2(T) EP2(I) EP2 EP3
±w 0 0 0 1/2 1
ν 2 1 1/2 1/2 1
being linear (square root) along hx (hz). If H has chiral
symmetry, the EPs become EP3s.
EP may disappear when the band are gapped for
Φ 6= 0,±pi. This happens at weak degree of non-
Hermiticity |γ/J | < | sin Φ| [yellow region in Fig. 1(c)],
where three bands are gapped. The gain and loss com-
press the band gaps, the lower two bands touch at EPs
when |γ/J | = | sin Φ|, the appropriate non-Hermiticity
awaken the destructive interference and reproduce the
flat band. The flat band energy is altered to −J cos Φ,
and the band touching points become two EP2s rather
than two DPs. As γ increases, the band gaps vanish and
all three bands intersect when |γ/J | > 1.
The topological features of DPs and EPs are related
to the geometric (Berry) phase of energy band. Γn =
i
∮
C
〈φn (k) |∇k|ψn (k)〉dk is the generalized geometric
phase for non-Hermitian system [65, 66], where n is the
band index. |ψn (k)〉 and |φn (k)〉 are the eigenstates of
Hamiltonians H and H† and form a biorthonormal ba-
sis 〈φn (k) |ψn′ (k)〉 = δnn′ . The integration is performed
over a loop C in the parameter space; C encircles the
band touching point. For DP and EP2s that only rel-
evant to two bands, the irrelevant third band restores
its original eigenvalue when system parameters encircling
a band touching point for one circle; the correspond-
ing eigenstate accumulates a zero geometric phase; when
the bands are tangled, the non-Abelian Berry connec-
tions Amn = 〈φm (k) |∇k|ψn (k)〉 characterize the inter-
nal relation. The global geometric phase Θ =
∑3
n=1 Γn
is a topological invariant [67, 68]. The winding numer
w = Θ/ (mpi) characterizes the topology of band touch-
ing points, where m is the number of relevant bands.
The global geometric phase is not enough to distin-
guish the topologies of EPs; and requires the help of
phase rigidity r = | 〈ψ∗n |ψn〉 / 〈ψn |ψn〉 |. r describes the
mixing of different states. In Hermitian system with a
real matrix, the phase rigidity is 1. When extended to
the non-Hermitian system, the defective eigenstate is self-
orthogonal and the phase rigidity at the EPs reduces to
0 [64]. The phase rigidity has a scaling law in the vicin-
ity of EPs, |rEP − r| ∝ (γEP − γ)ν . The phase rigidity
scaling exponent ν characterizes the response manner of
energy bands when approaching the EPs along γ; while
the geometric phase characterizes the topological features
of energy bands around EPs in the parameter space at
fixed γ. Table I summarizes the winding number and the
phase rigidity scaling exponent along γ for DPs and all
types of EPs [46].
FIG. 3. (a-c) Encircling an EP2(I) at J = 1, Φ = 0, γ = 1,
v = 0, R = 1/2 [Fig. 2(c)]. (d-f) Encircling an EP2(T) at
J = 1, Φ = pi/3, γ =
√
3/2, v =
√
2/4, R = 1/4 [Fig. 2(e)].
The EPs are marked by red crosses and the trajectory of
encircling in the parameter space is represented by the blue
circle (insets); the loop radius is R, centered at (v, 0).
We turn to discuss the details of topological proper-
ties of the band touching points. Two DPs appear at
(hx, hz) = (±1, 0) for Φ = 0 at γ = 0 as depicted in
Fig. 2(a). The geometric phase for each of the two degen-
erate bands is 0 when encircling either DP for one circle;
the geometric phase for the irrelevant upper band is also
0. The phase rigidity scaling exponent is ν = 2 [46].
For γ 6= 0, the energy bands become even closer and
each DP splits into two ordinary EP2s with opposite chi-
ralities in weak non-Hermiticity |γ/J | < 1. The spectrum
of γ/J =
√
2/2 is plotted in Fig. 2(b). The four ordinary
EP2s are on the hz = 0 axis, their chiralities are opposite
with respect to hx = 0 as illustrated in the middle panel.
The eigenvalues of two relevant coalescence states are 4pi
periodic in k when encircling the ordinary EP2s, but the
period of the third state is 2pi. After one circle of encir-
cling, two coalescence relevant states exchange and the
third state restores its original eigenvalue; the global ge-
ometric phases Θ accumulated by the three bands equals
to +pi (−pi) for the ordinary EP2 of +1 (−1) chirality [46].
The scaling exponent equals to ν = 1/2, and two circles
of encircling yields a ±pi geometric phase for either rele-
vant band.
As γ increases, the middel two ordinary EP2s become
closer, but the outer two ordinary EP2s become far way.
At |γ/J | = 1, the central two ordinary EP2s meet and
merge to an EP2(I) at (hx, hz) = (0, 0) [44], and the
system has three EP2s [Fig. 2(c)] with identical scaling
exponent ν = 1/2 although their topologies are distinct
[Figs. 4(a)-4(c)]. At the EP2(I), although three levels
have identical zero energy; only two levels coalesce and
degenerate with the third level; the system is defective
with one state missing. The energy levels restores its
original values after encircling the EP2(I) for one circle;
4FIG. 4. Energy, phase rigidity, and scaling exponent (a-c) in
the vicinity of an EP2(I) in Fig. 2(c) at hx = 0, hz = 0, J = 1,
Φ = 0 and (d-f) in the vicinity of an EP2(T) in Fig. 2(e) at
hx = 1/2, hz = 0, J = 1, Φ = pi/3. The real (imaginary)
part is indicated by markers (lines). The scaling exponent is
ν = 0.5 for an EP2(I) and is ν = 1.0 for an EP2(T).
states switch twice for the lower two levels; the geometric
phases for the two lower levels are still opposite, being
pi and −pi, respectively; and the winding number for the
global geometric phase is 0. The global geometric phase
for encircling the EP2(I) at (hx, hz) = (0, 0) is depicted in
Fig. 3(a). The real and imaginary part of eigen energies
of Hk for the encircling process are depicted in Figs. 3(b)
and 3(c). The other two EP2s (±3√6/4, 0) are ordinary
EP2s. The hybrid EP2(I) in the center is associated with
two Fermi arcs that connected to the other two ordinary
EP2s [42].
In the region | sin Φ| < |γ/J | < 1, four ordinary EPs
with two opposite chiralities in pairs locate on the two
sides of hz = 0, respectively [Fig. 2(b)]. By changing
Φ, each pair of EPs can merge into an EP2(T) when
|γ/J | = | sin Φ| for nontrivial phase 0 < |Φ| < pi/2
[Fig. 2(e)]. Two valleys (peaks) in the middle (lower)
band; the apexes of valleys and peaks touch and two
EP2(T)s are formed at the appropriate match between
the effective magnetic flux Φ and non-Hermiticity γ. The
flat band reappears. In contrast to two DPs, the isolated
band touching points are EP2(T)s at h2x = J
2 cos2 Φ. In
the parameter space, the global geometric phase for encir-
cling EP2(T) (hx, hz) = (1/2, 0) in the counter clockwise
direction is depicted in Fig. 3(d). Figure 3(e) and 3(f)
are the real and imaginary parts of eigen energies of Hk.
No state switch occurs when encircling the EP2(T) in the
parameter space for one cycle and the global geometric
phase is 0; the EP2(T) has the winding number 0 with-
out chirality and the scaling exponent of phase rigidity
is ν = 1 (Fig. 4). In the region of weak non-Hermiticity
|γ/J | < | sin Φ|, the three bands are gapped without band
touching.
For |γ/J | > 1, the central EP2(I) vanishes and splits
into four ordinary EP2s with two +1 and two −1 chiral-
ities in hz 6= 0 region and six ordinary EP2s exist, pro-
vided that H is not chiral symmetric [Fig. 2(d)]. Among
total six ordinary EP2s, three of them in the region
hx > 0 (hx < 0) have +1 (−1) chirality. The coalesced
energy levels at four ordinary EP2s (hz 6= 0) switch to
the upper two bands; for the other pair of ordinary EP2s
on the hz = 0 axis, the coalescence occurs between the
two lower levels. The energy bands with six ordinary
EP2s is shown in Fig. 2(d), Φ = pi/3 is to observe all the
EP2s within region [−2, 2] in the parameter space.
H is chiral symmetric when J = 0 or Φ = ±pi/2,
CHC−1 = −H, where 〈m |C|n〉 = (−1)m+1 δm,4−n. A
zero mode flat band is formed. The upper and lower
bands in Fig. 2(f) constitute a hybrid conical surface,
which differs from a Dirac/semi-Dirac cone [69–71], the
projection of which on E-hx (E-hz) plane is a conus of
square root repulsion. At |γ/J | < 1, the spectrum is
gapped and EP vanishes. At |γ/J | = 1, two EP2(T)s
merge to single EP2(T) at (0, 0). At |γ/J | > 1, the
system has one pair of EP3s with opposite chiralities at
(hx, hz) = (±
√
(γ2 − J2)/2, 0) [Fig. 2(g)]. After encir-
cling an EP3 for one circle, the upper and lower bands
switch, two circles is needed to restore the original eigen-
values. The global geometric phase accumulated is +3pi
(−3pi) after encircling the EP3 of chirality +1 (−1) for
one circle. The scaling exponent of the phase rigidity
close to EP3 is ν = 1 [46].
Notably, if the non-Hermiticity includes the gain/loss
and nonreciprocal (asymmetric) couplings [72], the other
two types of hybrid EP2s [I and II in Fig. 1(a)] are
allowed to be created by merging two ordinary EP2s
with identical chirality. Besides, H can describe non-
Hermitian Lieb lattice [73]. In conclusion, we propose the
hybrid EP2s through merging two ordinary EP2s with
opposite chiralities, which are created from the type III
Dirac points emerging from a flat band by introducing
the gain and loss. The topology of degenerate (excep-
tional) point is characterized by the winding number (w)
associated with global geometric phase and phase rigidity
scaling exponent (ν). (w, ν) = (1, 1/2), (1, 0), (0, 1/2),
(0, 0) are all the four types of hybrid EP2s merging in
Fig. 1(a), respectively. The topological properties of hy-
brid EP2s are revealed, the change of topological features
associated with the merging of EPs indicates a topologi-
cal phase transition. The present results are valuable for
future studies on the non-Hermitian topological phase of
matter, and our findings pave the way of merging EPs.
In the future, further investigations on the dynamical en-
circling of hybrid EPs, the creating, moving, and merging
of high-order EPs, as well as the topological edge states
would be of great interest.
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7SUPPLEMENTAL MATERIAL FOR “HYBRID EXCEPTIONAL POINT CREATED FROM TYPE III
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A: Triangular lattice
The three-band tight-binding lattice consists of three sublattices, sublattice a (c) has gain (loss) and sublattice b is
passive. Sublattices a and c have nonreciprocal nearest neighbour couplings. The phase factors in the couplings are
opposite, indicated by the arrows. Sublattices a and c are coupled indirectly through sublattice b and directly through
a nonreciprocal coupling JeiΦ, which can be realized in cold atomic gases by inducing the spin-orbital interaction,
and can be realized by optical path imbalance, dynamic modulation, and photon-phonon interaction in optics. The
triangular lattice Hamiltonian HTL is
HTL =
N∑
j=1
(
− ir
2
a†jaj+1 +
ir
2
c†jcj+1 + h.c.
)
+
(rc
2
a†jbj−1 +
rc
2
a†jbj+1 + h.c.
)
+
(rc
2
c†jbj−1 +
rc
2
c†jbj+1 + h.c.
)
+
(
JeiΦa†jcj + va
†
jbj + va
†
jcj + h.c.
)
+ iγa†jaj − iγc†jcj . (4)
In the experimental studies, it is not necessarily to induce the gain to balance the loss in the investigations of PT -
symmetric lattices. Using the loss only systems bring the convenience in the realization of PT -symmetric lattices
[60–62]. For example, we can introduce {0,−iγ,−2iγ} instead of {iγ, 0,−iγ} in the sublattices a, b, and c. By
offsetting an imaginary energy +iγ to the on-site terms {0,−iγ,−2iγ}, we obtain the PT -symmetric lattice with
balanced gain and loss.
Applying a Bloch wave transformation ak =
∑N
j=1 e
ikjaj , bk =
∑N
j=1 e
ikjbj , and ck =
∑N
j=1 e
ikjcj with k = 2pin/N
(integer n ∈ [1, N ]), where aj , bj , and cj are the annihilation operators that satisfy the periodical boundary condition
aN+1 = a1, bN+1 = b1, and cN+1 = c1. The lattice Hamiltonian is expressed in the momentum space as HTL =
∑
kHk
with hx = v + R cos k and hz = R sin k. The Bloch Hamiltonian Hk in momentum space is a 3 × 3 non-Hermitian
Hamiltonian in the form of Eq. (1) in the main text for hx = hy.
B: Geometric phase
The trajectory of (hx, hz) forms a closed circle C in the parameter space of hx-hz plane. The integration is performed
over a loop C in the parameter space for the global geometric phase is Q = i
∑3
n=1
∮
C
〈φn (k) |dψn (k)〉 [67, 68].
FIG. 5. Encircling an EP2. (a) Trajectory of encircling in the parameter space is indicated by the blue circle, the EPs are
marked by the red crosses. (b, c) are the real and imaginary energy, and the global geometric phase is shown in (d). The
system parameters are J = 1, Φ = 0, γ =
√
2/2, v = 3/2, R = 1/4.
8FIG. 6. Encircling an EP3. (a) Trajectory of encircling in the parameter space is indicated by the blue circle, the EPs are
marked by the red crosses. (b, c) are the real and imaginary energy, and the global geometric phase is shown in (d). The
system parameters are J = 1, Φ = pi/2, γ = 2, v = −1, R = 1/2.
For an ordinary EP2 or EP3 in Figs. 5 and 6, the geometric phases of encircling EPs with left and right chiralities
are depicted, respectively. In both cases, the coalescence associated energy levels switch after encircling the EPs once,
and restore their original values after encircling twice. The accumulated global geometric phase is pi for one circle of
encircling the right chiral EP2 and the accumulated global geometric phase is −3pi for encircling the left chiral EP3.
The winding number is w = Θ/ (mpi), where m is the number of coalesced levels. Therefore, the winding number for
the ordinary EP2s (EP3s) are w = ±1/2 (w = ±1). The + (−) sign is for right (left) chirality.
C: Phase rigidity
The phase rigidity [64] of an energy level r = | 〈ψ∗n |ψn〉 / 〈ψn |ψn〉 | has a scaling law in the vicinity of EPs in forms
of |rEP − r| ∝ (γEP − γ)ν . At Φ = 0, the degeneracies are two-level diabolic point at (±1, 0) in Hermitian lattice of
γ = 0. In Fig. 7, DPs appear when γDP = 0; two energy levels become a complex conjugation pair, the imaginary
part of which changes linearly in the vicinity of DPs. The phase rigidities for all three levels are rDP = 1.0 and the
scaling exponents are all identical ν = 2.0.
FIG. 7. Spectrum (a, b), phase rigidity (c), and scaling law (d) at a DP. The system parameters are hx = ±1, hz = 0, J = 1,
Φ = 0. The phase rigidity scaling exponents for all the states are ν = 2.0.
In Fig. 8, the energy levels, phase rigidity, and scaling law are depicted for an ordinary EP2 of Φ = 0, J = 1 at
(hx, hz) = (
√
2/4, 0). The system has one real energy and two energy levels coalesce at the EP2. The phase rigidities
of the coalesced levels are rEP = 0 at EP2 γEP=
√
2/2, the corresponding scaling exponent is ν = 0.5; the third level
that not participated in the coalescence satisfies ν = 1.0.
In Fig. 9, the energy levels, the phase rigidity, and the scaling law are depicted in Fig. 9 for an EP3 of J = 1,
Φ = pi/2 at (hx, hz) = (
√
2/2, 0). The system has chiral symmetry, the energy levels are symmetric about 0, and
exhibit a square-root dependence on the non-Hermiticity ±
√
2− γ2. The phase rigidities of three eigenstates equal
to rEP =
√
2/2 at EP3 γEP =
√
2. The scaling exponents are ν = 1.
9FIG. 8. Spectrum (a, b), phase rigidity (c), and scaling law (d) at an ordinary EP2. The system parameters are hx =
√
2/4,
hz = 0, J = 1, Φ = 0 for Fig. 2(b) in the main paper. The scaling exponents for the coalesced states (green square and blue
cross) are ν = 0.5; the scaling exponent for the third state (red circle) is ν = 1.0.
FIG. 9. Spectrum (a, b), phase rigidity (c), and scaling law (d) at an EP3. The system parameters are hx =
√
2/2, hz = 0,
J = 1, Φ = pi/2. The scaling exponents for all states are ν = 1.0.
